Abstract. It was proved in [8, 9] that every Lagrangian submanifold M of a complex space formM 5 (4c) of constant holomorphic sectional curvature 4c satisfies the following optimal inequality:
Introduction
LetM n be a Kähler n-manifold with the complex structure J, a Kähler metric g and the Kähler 2-form ω. An isometric immersion ψ : M →M n of a Riemannian n-manifold M intoM n is called Lagrangian if ψ * ω = 0.
LetM n (4c) denote a Kähler n-manifold with constant holomorphic sectional curvature 4c, called a complex space form. A complete simply-connected complex space formM n (4c) is holomorphically isometric to the complex Euclidean n-plane C n , the complex projective n-space CP n (4c), or a complex hyperbolic n-space CH n (4c) according to c = 0, c > 0 or c < 0, respectively. B.-Y. Chen introduced in 1990s new Riemannian invariants δ(n 1 , . . . , n k ). For any n-dimensional submanifold M in a real space form R m (c) of constant curvature c, he proved the following sharp general inequality (see [5, 7] for details): δ(n 1 , . . . , n k ) ≤ n 2 (n + k − 1 − n j ) 2(n + k − n j ) H 2 + 1 2 n(n − 1) − k j=1 n j (n j − 1) c.
(1.1)
For Lagrangian submanifolds in a complex space formM n (4c), we have Theorem A. Let M be an n-dimensional Lagrangian submanifold in a complex space formM n (4c) of constant holomorphic sectional curvature 4c. Then inequality (1.1) holds for each k-tuple (n 1 , . . . , n k ) ∈ S(n).
The following result from [6] extends a result in [10] on δ(2).
Theorem B. Every Lagrangian submanifold of a complex space form M n (4c) is minimal if it satisfies the equality case of (1.1) identically.
Theorem B was improved recently in [8, 9] to the following inequality.
Theorem C. Let M be an n-dimensional Lagrangian submanifold of M n (4c). Then, for an (n 1 , . . . , n k ) ∈ S(n) with k i=1 n i < n, we have δ(n 1 , . . . , n k ) ≤
n i (n i − 1) c.
(1.2)
The equality sign holds at a point p ∈ M if and only if there is an orthonormal basis {e 1 , . . . , e n } at p such that the second fundamental form h satisfies h(e α i , e β i ) =
h(e α i , e α j ) = 0, i = j; h(e α i , e N +1 ) = 3λ 2 + n i Je α i , h(e α i , e u ) = 0,
h(e N +1 , e N +1 ) = 3λJe N +1 , h(e N +1 , e u ) = λJe u , N = n 1 + · · · + n k , h(e u , e v ) = λδ uv Je N +1 , i, j = 1, . . . , k; u, v = N + 2, . . . , n.
(1.3)
For simplicity, we call a Lagrangian submanifold of a complex space form δ(n 1 , . . . , n k )-ideal (resp., improved δ(n 1 , . . . , n k )-ideal) if it satisfies the equality case of (1.1) (resp., the equality case of (1.2)) identically.
For k = 2 and n 1 = n 2 = 2, Theorem C reduces to the following. If the equality sign of (1.4) holds identically, then with respect some suitable orthonormal frame {e 1 , . . . , e 5 } the second fundamental form h satisfies h(e 1 , e 1 ) = αJe 1 + βJe 2 + µJe 5 , h(e 1 , e 2 ) = βJe 1 − αJe 2 , h(e 2 , e 2 ) = −αJe 1 − βJe 2 + µJe 5 , h(e 3 , e 3 ) = γJe 3 + δJe 4 + µJe 5 , h(e 3 , e 4 ) = δJe 3 − γJe 4 , h(e 4 , e 4 ) = −γJe 3 − δJe 4 + µJe 5 , h(e 5 , e 5 ) = 4µJe 5 , h(e i , e 5 ) = µJe i , i ∈ ∆; h(e i , e j ) = 0, otherwise, (1.5) for some functions α, β, γ, δ, µ, where ∆ = {1, 2, 3, 4}.
The classification of δ(2, 2)-ideal Lagrangian submanifolds in complex space formsM 5 (4c) is done in [13] . In this paper we classify improved δ(2, 2)-ideal Lagrangian submanifolds inM 5 (4c). The main results of this paper are stated as Theorem 6.1, Theorem 7.1 and Theorem 8.1.
Preliminaries
2.1. Basic formulas. LetM n (4c) denote a complete simply-connected Kähler n-manifold with constant holomorphic sectional curvature 4c. ThenM n (4c) is holomorphically isometric to the complex Euclidean n-plane C n , the complex projective n-space CP n (4c), or a complex hyperbolic n-space CH n (−4c) according to c = 0, c > 0 or c < 0.
Let M be a Lagrangian submanifold ofM n (4c). We denote the LeviCivita connections of M andM n (4c) by ∇ and∇, respectively. The formulas of Gauss and Weingarten are given respectively by (cf. [7] )
for tangent vector fields X and Y and normal vector fields ξ, where h is the second fundamental form, A is the shape operator and D is the normal connection.
The second fundamental form and the shape operator are related by
The mean curvature vector
n trace h and the squared mean curvature is given by H 2 = − → H , − → H . For Lagrangian submanifolds, we have (cf. [7, 12] )
2)
Formula (2.3) implies that h(X, Y ), JZ is totally symmetric. The equations of Gauss and Codazzi are given respectively by
where R is the curvature tensor of M and ∇h is defined by
For an orthonormal basis {e 1 , . . . , e n } of T p M , we put
2.2. δ-invariants. Let M be a Riemannian n-manifold. Denote by K(π) the sectional curvature of a plane section π ⊂ T p M , p ∈ M . For any orthonormal basis e 1 , . . . , e n of T p M , the scalar curvature τ at p is
Let L be a r-subspace of T p M with r ≥ 2 and {e 1 , . . . , e r } an orthonormal basis of L. The scalar curvature τ (L) of L is defined by
For given integers n ≥ 3, k ≥ 1, we denote by S(n, k) the finite set consisting of k-tuples (n 1 , . . . , n k ) of integers satisfying 2 ≤ n 1 , · · · , n k < n and k j=1 i ≤ n. Put S(n) = ∪ k≥1 S(n, k). For each k-tuple (n 1 , . . . , n k ) ∈ S(n), the first author introduced in 1990s the Riemannian invariant δ(n 1 , . . . , n k ) by
where L 1 , . . . , L k run over all k mutually orthogonal subspaces of T p M such that dim L j = n j , j = 1, . . . , k (cf. [7] for details).
Horizontal lift of Lagrangian submanifolds.
The following link between Legendrian submanifolds and Lagrangian submanifolds is due to [16] (see also [7, pp. 247-248] ).
Case (i): CP n (4). Consider Hopf's fibration π : S 2n+1 → CP n (4). For a given point u ∈ S 2n+1 (1), the horizontal space at u is the orthogonal complement of ıu, ı = √ −1, with respect to the metric on S 2n+1 induced from the metric on C n+1 . Let ι : N → CP n (4) be a Lagrangian isometric immersion. Then there is a covering map τ :N → N and a horizontal immersion ι :N → S 2n+1 such that ι•τ = π•ι. Thus each Lagrangian immersion can be lifted locally (or globally if N is simply-connected) to a Legendrian immersion of the same Riemannian manifold. In particular, a minimal Lagrangian submanifold of CP n (4) is lifted to a minimal Legendrian submanifold of the Sasakian S 2n+1 (1).
Conversely, suppose that f :N → S 2n+1 is a Legendrian isometric immersion. Then ι = π • f : N → CP n (4) is again a Lagrangian isometric immersion. Under this correspondence the second fundamental forms h f and h ι of f and ι satisfy π * h f = h ι . Moreover, h f is horizontal with respect to π.
Case (ii): CH n (−4). We consider the complex number space C n+1 1 equipped with the pseudo-Euclidean metric:
: z, z = −1} with the canonical Sasakian structure, where , is the induced inner product.
Put
(−1), z → λz and at each point z ∈ H 2n+1 1 (−1), the vector ξ = −ız is tangent to the flow of the action. Since the metric g 0 is Hermitian, we have ξ, ξ = −1. The quotient space H 2n+1 1 (−1)/ ∼, under the identification induced from the action, is the complex hyperbolic space CH n (−4) with constant holomorphic sectional curvature −4 whose complex structure J is induced from the complex structure J on C , respectively, we havê
where ε = 1 if the ambient space is C n+1 ; and ε = −1 if it is C n+1 1 . h(e j , e j ) = µJe n , h(e j , e n ) = µJe j , j = 1, . . . , n − 1,
H-umbilical
for some functions µ, ϕ with respect to an orthonormal frame {e 1 , . . . , e n }. If the ratio of ϕ : µ is a constant r, the H-umbilical submanifold is said to be of ratio r.
If G : N n−1 → E n is a hypersurface of a Euclidean n-space E n and γ : I → C * is a unit speed curve in C * = C − {0}, then we may extend
This extension of G via tensor product ⊗ is called the complex extensor of G via the generating curve γ.
H-umbilical Lagrangian submanifolds in complex space forms were classified in a series of papers by the first author (cf. [2, 3, 4] ). In particular, the following two results were proved in [2] .
Theorem E. Let ι : S n−1 ⊂ E n be the unit hypersphere in E n centered at the origin. Then every complex extensor of ι via a unit speed curve γ : I → C * is an H-umbilical Lagrangian submanifold of C n unless γ is contained in a line through the origin (which gives a totally geodesic Lagrangian submanifold).
Theorem F. Let M be an H-umbilical Lagrangian submanifold of C n with n ≥ 3. Then M is either a flat space or congruent to an open part of a complex extensor of ι : S n−1 ⊂ E n via a curve γ : I → C * .
Legendre curves. A unit speed curve
It was proved in [3] that a unit speed curve z in S 3 (1) (resp., in H 3 1 (−1)) is Legendre if and only if it satisfies
for a real-valued function λ. It is known in [3] that λ is the curvature function of z in S 3 (1) (resp., in H 3 1 (−1)) (see also [1, Lemmas 3.1 and 3.2]).
H-umbilical submanifolds with arbitrary ratio.
We provide a general method to construct H-umbilical Lagrangian submanifolds with any given ratio in CP n (4) via curves in S 2 ( 1 2 ) (resp., in CH n (−4) via curves in 
For a Legendre curve z in S 3 (1), the projection γ z = π •z is a curve in S 2 ( 1 2 ). Conversely, each curve γ in S 2 ( 1 2 ) gives rise to a horizontal liftγ in S 3 (1) via π which is unique up to a factor e iθ , θ ∈ R. Notice that each horizontal lift of γ is a Legendre curve in S 3 (1). Moreover, since the Hopf fibration is a Riemannian submersion, each unit speed Legendre curve z in S 3 (1) is projected to a unit speed curve γ z in S 2 ( 1 2 ) with the same curvature.
It was known in [3, Lemma 7.2] that, for a given H-umbilical Lagrangian submanifold of ratio r = 2 inM n (4c), the function µ in (3.1) satisfies
If µ is a non-trivial solution of (3.4) with c = 1, then there is a unit speed curve γ in S 2 ( 1 2 ) whose curvature equals to rµ. Let z be a horizontal lift of γ in S 3 (1). Then z is a unit speed Legendre curve satisfying
Consider the map ψ :
It follows from [3, Theorem 4.1 and
with respect to suitable orthonormal frame {e 1 , . . . , e 5 }.
Case (b): CH n (−4). For a non-trivial solution of (3.4) with c = −1, we can construct an H-umbilical Lagrangian submanifold of CH n (−4) via the Hopf fibration π :
2 ) in a similar way as case (a), where
and
2 } is the model of the real projective plane of curvature −4. is Hopf 's fibration, ψ : M → S 11 (1) ⊂ C 6 is given by 
where z is a unit speed Legendre curve in
is a unit speed Legendre curve and µ is a non-trivial solution of
Example. It is easy to verify that µ = sech 2t is a non-trivial solution of µ ′2 = 4µ 2 (1 − µ 2 ). Using µ = sech 2t, (3.11) reduces to
It is direct to verify that (3.12) satisfies ψ, ψ = −1 and the composition π • ψ gives rise to an H-umbilical Lagrangian submanifold of ratio 4 in CH 5 (−4).
Some Lemmas
We need the following lemmas for the proof of the main theorems. h(e i , e j ) = 0, otherwise.
Proof. Under the hypothesis, we have (1.5) with respect to an orthonormal frame {e 1 , . . . , e 5 }. Thus, after applying [6, Lemma 1] to V = Span {e 1 , e 2 } and V = Span {e 3 , e 4 }, we obtain (4.1).
Let us put
Then ω j i = −ω i j , i, j = 1, . . . , 5. If µ = 0, then M is a minimal Lagrangian submanifold according (4.1). Such submanifolds in complex space formsM 5 (4c) have been classified in [13] .
If a = b = 0 and µ = 0, then M is an H-umbilical Lagrangian submanifold with ratio 4. Therefore, from now on we assume that a, µ = 0. To prove statement (c), first we observe that [e 1 , e 2 ] ∈ T 1 and [e 3 , e 4 ] ∈ T 2 follow from (4.3). Thus T 1 , T 2 are integrable. Also, it follows from (4.3) that the second fundamental form h 1 of a leaf L 1 of T 1 in M is given by Thus (4.6) and Lemma 4.2 imply that 0 ≡ R(e 1 , e 2 )e 1 ≡ (e 2 ν)e 5 (mod T 1 ). Hence e 2 ν = 0. Similarly, by considering R(e 2 , e 1 )e 2 , we also have e 1 α = 0. After combining these with D 1 e 5 = 0, we conclude that L 1 has parallel mean curvature vector in M . Hence T 1 is a spherical distribution. Similarly, T 2 is also a spherical distribution. Consequently, we obtain statement (c). 
Lemma 4.4. Under the hypothesis of Lemma 4.2, M is locally a warped
Proof. Under the hypothesis, it follows from Gauss' equation and Lemma 4.1 that R(e 1 , e 3 )e 3 , e 1 = c + µ 2 . On the other hand, the definition of curvature tensor and Lemma 4.2 imply that R(e 1 , e 3 )e 3 , e 1 = −ν 2 . Thus c = −ν 2 − µ 2 < 0. By combining this with the definition of ν, we obtain the lemma.
More lemmas
Next, we consider the case a, µ = 0 and b = 0. 
Lemma 5.2. Under the hypothesis of Lemma 5.1, we have (i) T 0 is a totally geodesic distribution;
(ii) T 3 is a spherical distribution, where T 0 = Span{e 5 } and T 3 = Span{e 1 , e 2 , e 3 , e 4 }.
Proof. Clearly, T 0 is integrable. Moreover, since ∇ e 5 e 5 = 0 by Lemma 5.1, integral curves of e 5 are geodesics in M 5 . Thus statement (i) follows. To prove statement (ii), we observe that the integrability of T 3 follows from (5.1). Also, (5.1) implies that the second fundamental formĥ of a leaf L of T 3 in M 5 is given byĥ(X, Y ) = −νĝ(X, Y )e 5 for X, Y ∈ T L, whereĝ is the metric of L. Since [e j , e 5 ]µ = 0 by (5.1) and e j µ = 0, for j ∈ ∆, we find e i e 5 µ − e 5 e i µ = 2e 1 ν = 0. Therefore T 3 is a spherical distribution. It follows from (5.2) and the definition of ν that µ = µ(t) and ν = ν(t).
Lemma 5.4. Under the hypothesis of Lemma 5.1, we have
Proof. From Gauss' equation and (5.1) we find R(e 1 , e 5 )e 5 , e 1 = 3µ 2 + c.
On the other hand, (5.1) of Lemma 5.1 yields R(e 1 , e 5 )e 5 , e 1 = −e 5 ν − ν 2 . Thus we find the first equation of (5.3). The second one follows immediately from the definition of ν given in Lemma 5.1. In view of ∇ e j e 5 = νe j and (6.2), we may put
for some functions Γ k ij . Now, it follows from (6.4), (6.6), (6.7), and (6.8) that∇
Since M is a Lagrangian submanifold in C 5 , (6.4) and (6.6) show that iφ is perpendicular to each tangent space of M . Hence φ is a horizontal immersion in the unit hypersphere S 9 (1) ⊂ C 5 . Moreover, it follows from (6.9) that the second fundamental form of φ is the original second fundamental form of M respect to to the second factor N 4 of the warped product I × ρ(t) N 4 . Hence, φ is a minimal horizontal immersion in S 9 (1). Therefore, φ is a horizontal lift of a minimal Lagrangian immersion in CP 4 (4). Now, it follows from (6.2) that φ is a horizontal lift of a δ(2)-ideal minimal Lagrangian submanifold of CP 4 (4).
By direct computation we find
Thus, by (6.4), up to translations the Lagrangian immersion L is
where φ is a horizontal minimal immersion in S 9 (1) and ν, ϕ, µ satisfy
From (6.12) we find
After solving (6.13) we get ν = ± c 2 µ −1 − µ 2 for some real number c > 0. Replacing e 5 by −e 5 if necessary, we have
It follows from (6.12) an (6.14) that ϕ ′ (µ) = −2/ c 2 µ −1 − µ 2 . By solving the last equation we find ϕ = − 4 3 i tan −1 µ 3 /(c 2 − µ 3 )+c 0 for some constant c 0 . Therefore, we have the theorem after applying a suitable translation in µ.
Remark 6.2. Minimal δ(2, 2)-ideal Lagrangian submanifolds in complex space forms C 5 , CP 5 and CH 5 are classified in [13] . Also δ(2)-ideal minimal Lagrangian submanifolds in CP 4 and CH 4 have been classified recently in [14] .
Let γ(t) be a unit speed curve in C * . We put
The following result gives H-umbilical submanifolds of C 5 with ratio 4. Proof. If M is an H-umbilical Lagrangian submanifold of C 5 with ratio 4, then the second fundamental form satisfies h(e j , e j ) = µJe 5 , h(e j , e 5 ) = µJe j , j ∈ ∆,
for a nonzero function µ. Thus Gauss' equation yields K(e 1 ∧ e 5 ) = 3µ 2 . Hence M is non-flat. Therefore, according to Theorem F, M is an open part of a complex extensor of ι : S n−1 (1) ⊂ E n via a generating curve γ : I → C * . It follows from [2] that the functions ϕ and µ in (4.1) are related with the two angle functions ζ and θ by ϕ = ζ ′ (t) = κ and µ = θ ′ (t). Thus whenever γ is a unit speed curve satisfying κ = 4θ ′ , the complex extensor γ ⊗ ι is an H-umbilical Lagrangian submanifold of ratio 4. Conversely, every Humbilical Lagrangian submanifold of ratio 4 in C n can be obtained in such way.
Then it is one of the following Lagrangian submanifolds:
where c is a positive real number, φ : N 4 → S 9 (1) ⊂ C 5 is a horizontal lift of a non-totally geodesic δ(2)-ideal Lagrangian minimal immersion in CP 4 (4), and θ(µ) satisfies
Proof. Under the hypothesis there is an orthonormal frame {e 1 , . . . , e 5 } such that (4.1) holds. If µ = 0, then M is a δ(2, 2)-ideal Lagrangian minimal submanifold. Thus we obtain case (1). If µ = 0 and a, b = 0, then M is an H-umbilical Lagrangian submanifold of ratio 4, which gives case (2). Next, assume that a, µ = 0. Then Lemma 4.5 implies b = 0. So, by Lemmas 5.1 we obtain (5.1) and (5.2). Also, in this case M is locally a warped product I × ρ(t)
h(e i , e 5 ) = µJe i , i ∈ ∆, h(e i , e j ) = 0, otherwise. 
Let L denote the horizontal lift in S 11 (1) ⊂ C 6 of the Lagrangian immersion of M in CP 5 (4) via Hopf 's fibration. Consider the maps:
Then ξ, ξ = φ, φ = 1. From ∇ e j e 5 = νe j , j ∈ ∆, and (7.4), we find ∇ e j ξ = 0. Moreover, it follows from Lemma 5.1 and (7.3) that∇ e 5 e 5 = 4iµe 5 − L. Thus we also hhve∇ e 5 ξ = 0. Hence ξ is a constant unit vector in C 6 . Similarly, we also have∇ e 5 φ = 0. So φ is independent of t. Therefore, by combining (7.6) we find
Since φ is orthogonal to ξ, iξ, after choosing ξ = (0, . . . , 0, 1) ∈ C 6 we obtain
It follows from (7.4) and (7.5) that
Solving the first differential equation in (7.9) gives
By replacing e 5 by −e 5 if necessary, we have ν = c 2 µ −1 − µ 2 − 1. Consequently,
11)
It follows from (5.1), (7. 3) and the second formula in (7.6) that
Thus after applying (6.11) and (7.12) we derive that
Hence φ is a horizontal immersion in S 9 (1). Moreover, it follows from (7.13) that the second fundamental form of φ is a scalar multiple of the original second fundamental form of M restricted to the second factor of the warped product I × ρ N . Consequently, φ is a minimal horizontal immersion in S 9 (1) of a non-totally geodesic δ(2)-ideal Lagrangian minimal submanifold of CP 4 (4). The converse is easy to verify. Proof. Under the hypothesis there exists an orthonormal frame {e 1 , . . . , e 5 } such that (4.1) holds.
Case (1) µ = 0. In this case, we obtain case (i) of the theorem.
Case (2): µ = 0 and a, b = 0. In this case M is an H-umbilical Lagrangian submanifold with ratio 4, which gives case (ii).
Case (3): µ = 0 and at least one of a, b is nonzero. Without loss of generality, we may assume a = 0 and µ > 0. We divide this into two cases.
Case (3.a): a, µ = 0 and b = 0. By Lemmas 5.1 we obtain (5.1) and (5.2). Also, M is locally a warped product I × ρ(t) N 4 with e 5 = ∂ t according to Lemma 5.3 . From Lemma 4.1 we find h(e 1 , e 1 ) = aJe 1 + µJe 5 , h(e 1 , e 2 ) = −aJe 2 , h(e 2 , e 2 ) = −aJe 1 + µJe 5 , h(e 3 , e 3 ) = h(e 4 , e 4 ) = µJe 5 , h(e 5 , e 5 ) = 4µJe 5 , h(e i , e 5 ) = µJe i , i ∈ ∆, h(e i , e j ) = 0, otherwise. From Lemma 5.4 we obtain the following ODE system:
It follows from (8.6) and (8.7) that
Solving the first differential equation in (8.8) gives ν = ± 1 − µ 2 − kµ −1 for some real number k. By replacing e 5 by −e 5 if necessary, we find
It follows from (8.7) that
Since this equation for y(t) = 1 − µ 2 − ν 2 = kµ −1 has a unique solution for each given initial condition, each solution either vanishes identically or is nowhere zero.
Case (3.a.1): µ 2 + ν 2 < 1. In this case, (8.9) implies k > 0. Thus we may put k = c 2 , c > 0. Consider the maps:
Then η, η = 1 and φ, φ = −1. From ∇ e j e 5 = νe j , j ∈ ∆, and (8.5), we obtain∇ e j ξ = 0, where∇ is the Levi-Civita connection of C 6 1 . Lemma 5.1 and (8.5) give∇ e 5 e 5 = 4iµe 5 + L. Thus we find∇ e 5 ξ = 0. So η is a constant unit vector. Also, we find∇ e 5 φ = 0. Hence φ is independent of t. From (8.10) we get
Since φ is orthogonal to η, iη and η is a constant unit space-like vector, we conclude from (8.9) and (8.11) that L is congruent to (8.1). Next, by applying the same method of the proof of Theorem 7.1, we conclude that φ is a horizontal immersion in H 9 1 (−1) whose second fundamental form is a scalar multiple of the original second fundamental form restricted to the second factor of I × ρ N . Consequently, φ is a minimal horizontal immersion in H 9 1 (−1) of a non-totally geodesic δ(2)-ideal Lagrangian minimal submanifold of CH 4 (−4). This gives case (iii).
Case (3.a.2): µ 2 + ν 2 > 1. In this case (8.8) implies k < 0. Thus we may put k = −c 2 , c > 0. Now, we consider the maps:
instead. Then φ, φ = − η, η = 1. By applying similar arguments as case (3.a.1), we know that η is a constant time-like vector and φ is independent of t and orthogonal to η, iη. Moreover, we may prove that φ is a minimal Legendre immersion in S 9 (1). Therefore we have case (iv) after choosing η = (1, 0, . . . , 0). . Therefore w satisfies the PDE system: w u j = 2 ψ u j , iψ . Thus we find ψ u j , ψ u k = cosh 2t L u j , L u k which implies that ψ is an immersion in C 4 . Also, we find from (8.27 ) and L u j , iL u k = 0 that ψ u j , iψ u k = 0. Thus ψ is a Lagrangian immersion. Now, by applying an argument similar to the last part of the proof of [11, Theorem 6 .1], we conclude that
Case
Therefore, according to (8.5) , ψ is a δ(2)-ideal minimal Lagrangian immersion in C 4 . Consequently, we obtain case (v) of the theorem.
Case (3.b): a, b, µ = 0. We obtain case (vi) of the theorem by applying the same argument as case (3.a.3).
